CHARLES LOEWNER (3)
The constants Oί, β, y, δ, k are only subjected to the conditions 0, k έ 0, k real.
aβ yδ
Each Moebius transformation in the (x 9 y )-plane may, therefore, be extended to a transformation in the {x 9 y 9 u)-space leaving the biharmonic equation invariant. The extended transformations are analogues of those introduced by In the first section of this paper we shall show that formulas (5') and (5") represent the only transformations of type (2) leaving the biharmonic equation invariant. They form a group M in the (x 9 y, u )-space depending on seven real parameters.
The introduction of M has the advantage that if a problem concerning the biharmonic equation is solved for a domain B of the (x 9 y)-plane, it can also be solved for any domain B' obtained from B by a Moebius transformation. A further advantage consists in the possibility of introducing domains having z -oo in the interior or on the boundary. All definitions regarding the behavior of a biharmonic function u at z = oo are obtained by using one of the transformations (5) transforming 2=00 into a finite point z*'-a'', and considering the transformed biharmonic function u' at z*' = α'. For example, u is called regular at z = 00 if u' is regular at z'=α'. Also the concept of a biharmonic Green's function Γ {x 9 y) with the boundary conditions u -0 and du/dn~0 requiring that u and the normal derivative are zero on the boundary (Green's function of the clamped plate ) may be extended to the case where the domain considered contains z -00 in its interior, and oc should be the pole of Γ. The singular part of Γ, belonging to a finite pole α', is given by r' 2 log r% r' denoting the distance of z'*=.χ'+iy* from a'. By using a transformation (5) transforming α' into infinity, one obtains a biharmonic function satisfying the same boundary conditions in the transformed domain whose singular part at z = 00 is -c log r, with a positive constant c, and r representing the distance of z from z -0 or from any other fixed point of the z-plane. In order to make the definition definite we set c = 1.
This extension of the concept of Green's function will be utilized in §2, which is concerned with a question of Hadamard [3] regarding the sign of the Green's function. He asked whether it may oscillate in sign. R. J. Duffin [l] indicated that the answer is affirmative by constructing solutions of the bi- by G. Szego [4] and P. R. Garabedian [2] .
There are indications that in the exterior of a convex curve with the pole at infinity a change of the sign of the Green's function cannot occur. In the last part of § 2 we prove only that this conjecture is equivalent to positivity of the harmonic function V Γ.
The fact that the biharmonic equation is absolutely invariant only under the group of similarities does not exclude the possibility that for an individual biharmonic function u other conformal mappings exist which transform u into a new biharmonic function. Indeed, we shall show in § 1 that in general there exists a one-parameter family of conformal mappings which are not similarities and which transform u into biharmonic functions. In particular one can construct in this way from one Green's function a one-parameter family of Green's functions of nonsimilar domains. (Only the case of a circle has to be excluded here.) This also will be discussed in § 1 and applied in § 2.
Transformations of biharmonic functions.
We shall prove that the transformations of type (2) leaving the biharmonic equation invariant form the group M described by equations (5) . All transformations are assumed to be one-to-one and four times continuously differentiate, and the Jacobian shall never vanish.
We make use of the well-known fact that the biharmonic equation is the If the integral of (6) is subjected to a transformation of type (2), an integral in the (%' y')-plane must be obtained whose Euler-Lagrange equation must again be the biharmonic equation
The new integrand is a quadratic expression in the second derivatives of u' with respect tox' and y' 9 and the second degree terms are evidently given by
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/ being the Jacobian of the transformation from the (x% y')-plane into the (x 9 y)-plane.
Already from the expression (7) one can derive the fourth order terms of the Euler-Lagrange equation, which by assumption is again the biharmonic equation.
This leads by a simple computation to the equations
and we see that the mapping must be conformal.
In order to obtain further conditions on the transformation, we specialize u to an arbitrary harmonic function of x and y. Since it is then also a harmonic function of x' and y', we have
Since V w = 0 represents the only relation between the derivatives oί u' with respect to x* and y' up to the second order, we may conclude.from (9") that
The only functions satisfying these conditions are those of the form
(c Os Cι j c 2> c 3 arbitrary constants ).
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Application of the same considerations to the inverse transformation leads to a similar formula for the reciprocal of y: In the case of a constant y we may proceed as follows: We compose the transformation with one of the transformations (5) We now have to investigate how the coefficients C{ in y depend on the Moebius transformation to which the (x, y)-plane is subjected. Since we already know the transformations (5), it is sufficient to consider only the identity transformation. We know already that y must have the form We write further the Laplacian in the more convenient form
Without loss of generality we may restrict our attention to proper conformal mapping. Let (15) z'=/U) be such a mapping transforming u into a biharmonic function in the (z'= ac' + iy')- 
This is an immediate consequence of the well-known fact that Γ(z ls z 2 )
represents a positive definite kernel.
In particular, Γ(α s a) >^ 0; but the equality sign cannot hold since then the inequality
would lead to Γ (α> z) = 0 for all 2: in B, which is evidently impossible. We have, therefore:
For all points z in B 9 we have
We assume now 5 to contain 00 in its interior, and state, for its Green's function with the pole at infinity, which we will call Γ (z ):
X It is, for example, sufficient to assume the boundary of B to be three times continuously differentiable to ensure the existence of Γ. We introduce now the Goursat representation of Γ, writing it in the form
where p(z) is analytic and h harmonic.
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From Lemma 3 we can easily conclude that the free constants in the choice of p and h can be selected so that the following conditions are satisfied:
(a) The function p(z) has at infinity a simple pole with a positive p'(oo).
(b) The function h differs from log r by a harmonic function in B, regular also at infinity.
By the conditions (a) and (b), the functions p and h are uniquely determined.
We shall now derive properties of p(z) characterizing it independently of h.
We use the analytic function As soon as fiζ) is determined, it is easy to construct the Green's function by using equation (24). It gives, after transformation into the £-plane,
. In order to verify this we introduce the analytic functions 
In order to obtain h we may ? according to (27) ? integrate ω(ζ):
Since the real part of (39) must coincide on | ζ\ -1 with $l\ f(ζ)g(ζ)\ 9 we obtain, by comparison of (37) and (39),
β ι β i+ 2β 2 β 2 )
From the foregoing formulas we finally obtain, by substitution into (23), the following expression for Γ(^) in terms of ζ: We can now show that the constants β ι and β 2 can be chosen in such a way that g(ζ) represents a schlicht mapping of | ζ\ > 1, and still Γ(£) oscillates in sign. Evidently we obtain an oscillating Γ if the normal derivative on the unit circle | ζ\ = 1 becomes negative in some of its points. But we have, from (41) We conjecture that, for the exterior of a convex curve and pole at infinity, Γ is positive. We shall support this conjecture by proving: But the second derivative in the tangential direction is zero again on account of the boundary conditions. We have, therefore, V Γ> 0 on the boundary. Since V Γ is harmonic and, on account of Lemma 3,  is harmonic in B. On the boundary of B,
(51) -= 0, V 2 Γ > 0 dx the latter inequality being a consequence of the assumption that V Γ > 0 in B.
Since our domain lies completely in the half-plane x < 0, we conclude from (51) that v has nonpositive boundary values. From the behavior of Γ at z -oo expressed by Lemma 2, we see that v is regular at infinity. From the extremum properties of harmonic functions we now conclude that i; < 0 in the whole B,
In particular, on the y-axis where x = 0 we obtain the result (52) > 0.
dx -
Let I now be a half line originating in a point C of the boundary curve of B orthogonal to the tangent line at C. Laying the y-axis perpendicular to I through any of its points, we see that (52) holds in all points of /; and, since Γ = 0 at C, we arrive at the inequality Γ >_ 0 along the whole I. But the equality cannot hold, for otherwise Γ would be zero along a whole segment of / and, since it is analytic, along the whole I. This contradicts Lemma 2, which implies that Γ-» oo as z -»oo. The whole domain B can be covered with half lines having the properties of U The inequality Γ > 0 holds, therefore, in the whole B.
